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Abstract 

The quotient bases for zero-dimensional ideals are often of interest 
in the investigation of multivariate polynomial interpolation, algebraic 
coding theory, and computational molecular biology, etc. In this paper, 
we discuss the properties of zero-dimensional ideals with unique monomial 
order quotient bases, and verify that the vanishing ideals of Cartesian sets 
have unique monomial order quotient bases. Furthermore, we reveal the 
relation between Cartesian sets and the point sets with unique associated 
monomial order quotient bases. 
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1 Introduction 

Let F be a field of characteristic zero, and suppose that F[a;] :— ¥[xi, . . . , Xd] is 
the polynomial ring in d variables over F. A finite linearly independent set Q 
of linear functionals, mapping F[a;] to F, is said to admit an ideal interpolation 
scheme if 

kere = {p e ¥[x] : e{p) = 0, for all 9 e e} 

forms a zero-dimensional ideal, cf.jTl [11] (5] HU HZ]- It was shown in [51 [TS] 
that this holds if and only if there exists a finite set S C F'^ and Z3-invariant 
finite-dimensional subspaces C F[a;], ^ G S, such that 

spanp6 = span]p{(55 o q{D) : q e Q^, ^ G S}, 
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where D is the differentiation symbol and denotes the point evaluation func- 
tional at 

We now assume that ker O forms a zero-dimensional ideal. For an order 
ideal O C F[a;], if the set {t + ker 6 : t G O} provides an F- vector space basis 
for quotient ring F[a;]/kerG, then O forms a monomial order quotient basis for 
kerO. In many applications such as multivariate polynomial interpolation[5T], 
algebraic coding theory [13], and computational molecular biologv|16j. the struc- 
ture of monomial order quotient bases rather than Grobner bases is of particular 
interest. 

The standard example of ideal interpolation is Lagrange interpolation. In 
this case, ker Q = 1(5), the vanishing ideal of S, and a monomial order quotient 
basis O for is also called an associated monomial order quotient basis of 

S. As is well known, the structure of O depends not only on the cardinal 
but significantly on the geometry of S, cf. [IHl US]- As interpolation point 
sets with special geometries, Cartesian sets in F'' have been studied by many 
authors [ISl [H [3 E] . In 2004, T. Sauer ^ showed that the vanishing ideal 
of a Cartesian set has a unique Grobner escalier, independent of the monomial 
order. The natural questions are: (1) Does a Cartesian set also have a unique 
associated monomial order quotient basis? (2) If so, is there any non-Cartesian 
set satisfying this property? 

In this paper, we first introduce two criteria for determining whether a zero- 
dimensional ideal has a unique monomial order quotient basis or not. With 
the aid of them, we show that every Cartesian set has a unique associated 
monomial order quotient basis, and furthermore that for d > 3, there always 
exists at least one non-Cartesian point set that also has this property. The main 
results of this paper will be put in Section 3. The next section. Section [21 will 
give some notation and background results. 

2 Notation and Background Results 

In this section, we will settle the key notation used throughout the paper and 
give some background results. For more details, we refer the reader to [THl [H 131 

We use No to stand for the monoid of nonnegative integers and boldface 
type for tuples with their entries denoted by the same letter with subscripts, for 
example, a = (ai, . . . , a^)- 

Henceforward, < will denote the usual product order on Ng, that is, for 
arbitrary a, f3 E Nq, a. < f3 ii and only ii ai < Pi,i — I, . . . ,d. A finite subset 
^ C Nq is lower if for every cxgA, 0<f3<a implies 13 E A. 

A monomial a;" G ¥[x] is a power product of the form x"^ • • • a;^"* with 
a € Nq. Denote by T{x) := T{xi, . . . , Xd) the monoid of all monomials in F[a;]. 
A finite monomial set O C T(a;) is called an order ideal if for every t G O, t'\t 
implies t' € O. Further, the corner of an order ideal O is 

C[0] = {te T{x) : t i 0,.T,|t ^ tjx, e 0,1 < i < d}. (1) 
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For each fixed monomial order -< on T(a;), a nonzero polynomial / G ¥[x] 
has a unique leading monomial LM^(/), which is the greatest one appearing 
in / w.r.t. -<. For arbitrary S C F[a;], the set of leading monomials of all 
polynomials in S is denoted by LM^(S'). According to [T^, the monomial set 

:= T(a;)\LM^(I) = {cc" e T(a;) : LM^(/) f a;°, V/ £ 1} 

is the Grobner escalier of ideal I w.r.t. -<. In fact, every Grobner escalier of X 
forms a monomial order quotient basis for I. 

Definition 1. [521 IS] A finite set S C F'^ of distinct points is Cartesian if and 
only if there exists a lower set ^ C Nq and injective functions 2/i : No — )• F, 1 < 
i < d, such that S can be written as 

S = {{yi{ai),...,ydiad)) eF^ ■.a = (ai,...,ad) € A} . (2) 

S is also called an A- Cartesian set. 

For instance, point set S = {(2.3, 1.2), (4.7, 1.2), (1.5, 1.2), (2.3, 0.2)} C is 
a {(0, 0), (1, 0), (2, 0), (0, 1)}-Cartesian set. 

Theorem 1. j22| Let S C be an A-Cartesian set, then Grobner escalier 
A/'-<(X(S)) w.r.t. any monomial order -< is identical to 

m-.^ix" -.ae A}. (3) 



3 Main Results 

3.1 Zero-dimensional ideals with unique monomial order 
quotient bases 

In this subsection we will establish two criteria for zero-dimensional ideals with 
unique monomial order quotient bases. First, we need the following easy lemma. 

Lemma 2. Suppose that the monomials in the finite set T C T(a;) are linearly 
independent modulo an ideal I C ¥[x]. For each 1 < i < m, let Ti be a subset of 
T and let Vi be the ¥-vector space generated by {t +1 : t E Ti}. Then fX^^^ Vi 
is generated by {t +T : t G Pli^li ^i}- 

Proof. We will use induction on m, the number of the monomial sets, to prove 
the lemma. When m = 2, for an arbitrary u + I £ ^10^2, there exist 
kt, h, kf , If" G F such that 

ktt+ Y kt't'\ modi = u= i Y ^tt+ E lt"t"\ modi 

ytGTinTa t'eTi\T2 / \tGT1nT2 f'eTaVTi / 

which implies that 

E ikt-lt)t+ Y E '*"*"| =OmodX. 

,feTinT2 f'GTi\T2 f"GT2\Ti / 



3 



Consequently, we have 

u = ktt mod I. 

teTiHTa 

Now, assume that the lemma is true for m — 1, i.e., n"=i^ generated by 

{t + 1 : t e fX^^Ti}. Since Vm is generated by {t + I : t e Tm} and 

ni!lT^ C T, the statement for m = 2 implies the lemma. □ 

The following proposition presents the first criterion for zero-dimensional 
ideals with unique monomial order quotient bases whose proof uses the notion 
of elimination order. Actually, a monomial order on T(a;) is called an elimination 
order for Xi if the monomial Xi is greater than all monomials in 

T{x \ X,) T(xi, . . . . . . 

w.r.t. this order. A typical example is the lexicographic order )~iex(i) with 

Proposition 3. Let X C F[a;] he a zero- dimensional ideal and let O he a mono- 
mial order quotient hasis for X. Then this monomial order quotient hasis is 
unique if and only if for each a;° G C[0], the set {x^^ ■ < f3 < cx} is linearly 
dependent modulo X. 

Proof. For each 1 < i < d, let be an elimination order for Xi. Then by 

the uniqueness of the monomial order quotient basis for I, we have 

A/-.,,(Z) = ---=A/-.,,(I) = 0. (4) 

Next, we will show that for each G C[0], {x^ : < /3 < a.} is linearly 
dependent modulo X. 

An arbitrary x" in C[0] gives rise to monomial sets 

O, := {x/^ eO: xf^ <i a;"}, l<i<d. 

For each 1 < i < d, let Vi be the F- vector space generated by {t + 1 : t G Oi}. 
It follows from the definition of the elimination order for Xi and ([T]) that 

d 

Pi C {a;^ : < /3 < a} C O. (5) 

i=l 

For each 1 < z < d, a;" G C[0] = C[M^^{X)] implies that the set OilJI^"} is 
linearly dependent modulo X. That is to say, -\-X G Vi,l < i < d. Therefore, 
x° + X G nr=i Recalling Lemma [21 we know that n"=i ^ is generated by 
{t + X:tE n"=i C>i}- Hence, (0"=! Oi)U{^"} is linearly dependent modulo 
X. According to ([5]), {x^^ : < /3 < a} is linearly dependent module X. 

■^=: Suppose that there exists another monomial order quotient basis O' ^ 
O for X. Let a;" be an arbitrary element in O' \ O. We now have two cases to 
consider. 
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Case I: a;" e O' r\C[0]. 

In this case, {a;'^:0</3<a} is hnearly dependent modulo I. x" G O' 
leads to {x^ : < f3 < a.^ C O' since O' is an order ideal, which implies that 
O' is linearly dependent modulo I. This is a contradiction to our hypothesis 
that O' is a monomial order quotient basis for X. Hence, x°^ ^ C[0]. 

Case II: a;" eO'\C[0]. 

In this case, a;° ^ O U C[0]. It follows from the definition of C[0] that 
there exists x'^ G C[0] such that x''\x", which implies that x'^ G O' , and 
hence {x^ : < /3 < 7} C O'. By our assumption, {x^ : < /3 < 7} is linearly 
dependent modulo I, and consequently O' is linearly dependent modulo I which 
leads to a contradiction too. Therefore, we conclude that x°^ ^ O' \C[0]. 

In sum, we can deduce that x" ^ O', which contradicts the hypothesis 
x"' eO'\0. □ 

As the main theorem of this paper. Theorem |4] characterizes a new crite- 
rion for zero-dimensional ideals with unique monomial order quotient bases by 
elimination orders. 

Theorem 4. For each I < i < d, let be an elimination order for x^. Then 
for each zero- dimensional ideal I, the following are equivalent: 

(1) I has a unique monomial order quotient basis. 

(2) For any two monomial orders -< and -<' , J\f^(I) —J\f^'{I) . 

(3) J\f^.{I), 1 < i < d, are identical. 

Proof. (1)=>(2): Since I has a unique monomial order quotient basis, 
and Af^'{I) obviously coincide for any two monomial orders -< and -<'. 

(2) ^(3) is trivial. 

(3) ^(1): Set 

0:=AA^,(I) = ...=A/-^,(X). 

The arguments in the proof of Proposition |3] implies that for each a;" G C[0], 
{x^ : < /3 < a} is linearly dependent module I. Therefore, O is the unique 
monomial order quotient basis for X. □ 

Lemma 5. Let X C ¥[x\ be a zero- dimensional ideal, and let G and G' be 
the reduced Grobner bases for X w.r.t. monomial orders -< and -<' respectively. 
Then Af-<{X) = N^>{X) if and only if hU-^[G) = LM^-(G'). Furthermore, if 
LM^(G') = LM^.(G'); then G ^ G' . 

Proof. It is easy to seethat C[7V^(I)] = LM^(G). Then7V.^(I) = A/'.^/(J) if and 
only if LM^(G) = LM^.(G'). Moreover, assume that LM^(G) = LM^/(G'). 
Then the first statement of this lemma implies JV^{X) = ^/^'{X) O. There- 
fore, for each pair g & G, g' £ G' satisfying LM^(g) — LM^'(f;'), g — g' G 
spanj.O nX — {0} follows by the property of reduced Grobner bases, which 
leads to the lemma. □ 
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The following corollary follows immediately from Theorem 3.1 and Lemma 



Corollary 6. Let X C F[a;] he a zero- dimensional ideal and Gi be the reduced 
Grobner basis for I w.r.t. an elimination order -<i for Xi. If LiM^.{Gi), 1 < 
i < d, are identical, then I has a unique reduced Grobner basis, independent of 
the monomial order. 

Following T. Sauer [52], we refer to a reduced Grobner basis G for an ideal 
I as a universal Grobner basis if G is the unique reduced Grobner basis for I, 
independent of the monomial order. 

Suppose that Q gives an ideal interpolation scheme. We can compute Af^. (ker Q) , 
1 < i < d, to decide whether ker Q has a unique monomial order quotient basis 
or not. If 



where ^i, . . . , eF^ are distinct and Ai, . . . , C Nq are lower, then we can 
use algorithms, such as the ones in [51 [TU], to compare A/'-^,^_^(;j (ker 8) without 
computing the Grobner bases. 

Example 1. Let 



A direct computation shows that 

Af^i^^^^^ (ker 9) = {1, xx,x\,xi,X'i,x\, xxx^^xXxz}, « = 1, 2, 3, 
which concludes that ker O has a unique monomial order quotient basis. 

3.2 Vanishing ideals of Cartesian sets 

From Theorem [T] we see that the vanishing ideal of a Cartesian set has a unique 
Grobner escalier, independent of the monomial order. However, there also exists 
certain associated monomial order quotient basis of some point set which can 
not be Grobner escalier w.r.t. any monomial order. 

For example, let S = {(0, 0), (1.1, -0.1), (0.1, 0.9), (1, 1)} be a point set in 
Then \\.,x\,xi^x\Xi\ forms a monomial order quotient basis but not a Grobner 
escalier (w.r.t. any monomial order) of I(S). Indeed, for an arbitrary monomial 
order we have either x\ < X\X2 or x\ -< XiX^- Since both {1, xi, X2, } and 
{\,X\,X2tx\\ are linearly independent modulo X(2), x\ or x\ must belong to 



Next, we will show that Cartesian sets have unique associated monomial 
order quotient bases. To achieve this, we need to propose a criterion for multi- 
dimensional Cartesian sets, which is the extension of Theorem 5 of [6] to general 
dimension. 



3.2. 






A/-.,(I(S)). 
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Specifically, for fixed 1 < i < d, we cover a finite point set 5 C F'' with 
exactly rrii + 1, G N, affine hyperplanes k^, h^i, . . . , h^mi C F'' perpendicular 
to the Moreover, set 

{(^1' • • • • ■■ lid) 

V(a,...,erf)eSnZ,,j}cF'^-\ 1 < i < d,0 < j < m,. (7) 
Without loss of generality, we assume that #^i.o(S) > • • • > #^i.mi(S). 



Theorem 7. A finite set of distinct points ^ C F'', d > 2, is Cartesian if and 
only if for each 1 <i < d, we have 

■^^..0{^) ^ ■ ■ ■ ^ ^■^,mA^)i (8) 

where rrii and ^i^j[E) are as above. 

Proof. =>: Recall ©. A Cartesian set 5 C F'' can be written as 

S = {(yi(ai), . . .,yd{ad)) £ F'' : a = (ai, . . . ,ad) e A) 

with lower set ^ C Nq and injective functions j/i : No ^> F, 1 < i < d. 
Fix 1 <i < d. For any < 7^ < /3i < m^, according to (O, we have 

i?j,/3i(S) = |(^yi(ai),...,?/,_i(aj-i),?/.,+i(aj+i),...,2/d(a<i)) : 

(ai, . . . ,ai_i, /3j,Q!i+i, . . . ,ad) e (9) 

■^i,7>(^) = {(yi(ai),---,yi-i(a»-i),2/i+i(a»+i),---,yd(ad)) : 

(ai,...,ai_i,7i,ai+i,...,ad) G (10) 

which imply immediately that (S) C ^^.-y. (S) for each 1 < « < d, < 7i < 

<;=: Fix a point ^ = (^1, . . . , S^d) in S. Let Uj, 1 < i < d,Q < j < rui, he 
covering hyperplanes defining ^^^^(S). Thus, there must exist a G Nq such that 
{^} = HiLi h,ai, where < a; < for all 1 < i < d. Set 



It is easy to observe that ^ can be described as 

S = {{yi{oLi), . . .,yd{ad)) ■ (ai, . . . ,ad) G A}, 

where ?/i : Nq F, 1 < i < d, are certain injective functions. Let (ai, . . . , ad) G 
^. For any . . . , /3d) < (ai, ■ • • , ad) in Ng, by ([5]), we have 

(yi(ai), . . . ,yd-i(ad-i)) G ifd,arf(S) C ifd,/3rf(S). 
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Thus, (ai, . . . , a^-i, /3d) £ A. Moreover, 

{yi{ai), . . . ,yd-2{ad-2),yd{l3d)) G (S) Q ^d-hPa-iC^) 

implies {ai, . . . ,ad~2, l3d~ii Pd) G A, and so on. Finally, we can deduce that 
(/3i, . . . , Pd) £ A, which means that A is lower. □ 

The next lemma and corollary establish a relation between a Cartesian set 
5 C F'^ and its associated point sets ^i.j(S) C F'^"-'^. 

Lemma 8. Let S C F*^, d > 2, be an A-Cartesian set, and let rrii, ^i^ji^) he 
as in ([8]). For 1 < i < d,0 < j < mi, set 

Aj := {(«!, ■ • ■ , ttj-i, aj+i, ■ • ■ , ad) : 

(«!,..., ai-i,j,ai+i,. . . ,ad) £ A}. (11) 

Then J^ij{^) is (d~l)-dimensional Ai.j-Cartesian for alll<i< d,0 <j< mi. 

Proof. Fix l<i<d, 0<j< mi. For each (ai, . . . , ai_i, a^+i, . . . , a^) G 
Aij, < (/3i,...,/3i_i,/3i+i,...,/3<i) < {ai,...,ai^i,ai+i,...,ad) implies that 
(/3i,...,/3i_i,j, /?,+!,..., /3d) e A Then (^i, . . . , /3i+i, . . . , /3d) e Aj fol- 
lows. Thus, A J C N[f-^ is lower. By (0), (HUl) and we can conclude that 
.Sfij{E) is A,j-Cartesian. 

□ 

Corollary 9. Let S, ^ and Ai.j be as in Lemma [51 Define 

Aij ©j :={(«!,.. . ,Q!i_i, ai+i, . . .,ad) ■■ 

V(ai, . . . ,ai_i,aj+i, ...,ad) G A,j}. 

T/ien /or each 1 < i < d, we have 

rrti 

Proposition 10. Let S C F'' be an A-Cartesian set, and suppose that 91 is as 
in ([3]). Then X(S) has a unique monomial order quotient basis 

Proof. We will prove this proposition by induction on d. When d = 1, the 
proposition is obviously true. Suppose that for any (fc— l)-dimensional Cartesian 
set, the statement holds. 

Let S C F*^ be an ACartesian set where ^ C Ng, and assume that m^, 
J2fij{E) are as in For an arbitrary x'' G C[7t], there are two cases which 
must be examined. 

Case L 7 = (0, . . . , 0, + 1). 

Let g{xk) = 11^=0 Since Ik.o, h,i, • • ■ , h.mk are afhne hyperplanes cov- 
ering S, then g{xk) G I(S) follows. Furthermore, it follows from the arguments 
in Theorem [7] that 

Ik.j = Xk - yk{j), j = 0, ...,mfc, (12) 
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which implies that {x^ : < /3 < 7} is linearly dependent modulo X(5). 

Case II: 7 = (71, . . . , 7^-1, j) for some < j < nik, and xj^ ...x1''Si & 
C[A4,j] where 

J^kj = {xi' ■ ■ ■ xl^i' : (ai, . . . , ak-i) £ Aj}- 

By inductive hypothesis, A4,j is the unique monomial order quotient basis 
for then there must exist C(^ai,...,ak-i) ^ ^ such that polynomial 

g{xi, . . ■,Xk-i) =x'l^ ■ ■■xl''_\^ + 

(Qi,...,Q!fc_l)<(7l,...,7fc_l) 

by Proposition [21 Set 

g{x) := g{xi, Xk-i) J| lk,t, 

i=0 

where the empty product is defined to be 1. Since 

it is easy to check that g{xi, . . . ,Xk-i) vanishes at S \ {S n {uiZohj}} and 
YliZo h,i vanishes at S n {^jiZo^k.i}- Therefore, g{x) G It follows that 

{x^ : < /3 < 7} is linearly dependent modulo 

In short, from Proposition [3l we conclude that is the unique monomial 
order quotient basis for 

□ 

Finally, the following two theorems reveal the relation between Cartesian 
sets and the point sets with unique associated monomial order quotient bases. 

Theorem 11. A finite set of distinct points S C is Cartesian if and only if 
it has a unique associated monomial order quotient basis. 

Proof. Lemma 2.1 of [7] and Theorem 6 of [2 5) implies this theorem immediately. 

□ 

Theorem 12. For every d > 3, there exists at least one non- Cartesian point 
set in which has a unique associated monomial order quotient basis. 

Proof. Let 

Srf = {(0, 0, 0, 0^_^), (0, 1, 0, 0_^), (0, 0, 1, 0^_^ 

d~3 d—3 d— 3 d— 3 

with d > 3. It is easy to check that {xi(xi — 1), a;2(a;2 — 1), a;3(a;3 — 1), X1X2, X2X3, (X3 — 
l)a:i, Xi, . . . , Xd} forms a universal Grobner basis for 1(2^). Hence, Theorem|4] 
implies that has a unique associated monomial order quotient basis. 
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(0,0,0) ^(1,0,0) ^ 



(a) Sa (b) {l,X3,X2,xi} 

Figure 1: S3 and its unique associated monomial order quotient basis 



We now claim that is non-Cartesian. To see this, we use induction on d. 
When d = 3, S3 is illustrated in (a) of Figure [T] 
Recalling Theorem [3 we can obtain 

^ME,) = {(0, 0), (0, 1), (1, 0)}, ifi,i(S) = {(0, 1)}, 

^2,o(S3) = {(0, 0), (0, 1), (1, 1)}, if2,i(2) = {(0, 0)}, 

if3,o(S3) = {(0, 0), (0, 1)}, if3,i(S) = {(0, 0), (1,0)}. 

We cover S3 with three sets of affine hyperplanes 

{^1,0, '1,1}, {'2,0, '2,1}, {'3,0, ^3,1} 

where h^Q = Xi - 0, h^i = xi - 1, /j^o = 2:2 - 0, = 2^2-1, '3,0 = 2:3-0, ^3,1 = 
X3 — 1. Since ^3 o(S3) 2 -^3 i('='3)j '^3 is not Cartesian according to Theorem 

m 

Assume that ^n^d-i is non-Cartesian. If S^ is Cartesian, then Lemma |S] also 
leads to a contradiction to our assumption. □ 
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